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Abstract 

A signed graph is a pair (G, E), where G = (V,E) is a graph (in which 
parallel edges are permitted, but loops are not) with V = {1, . . . , n} and SC£. 
By S(G, E) we denote the set of all symmetric V x V matrices A = [atj] with 
a»j < if i and j are connected by only even edges, djj > if i and j are 
connected by only odd edges, o» j £ R if i and j are connected by both even and 
odd edges, o»j = if i ^ j and i and j are non-adjacent, and a iti G E for all 
vertices i. The stable inertia set of a signed graph (G, E) is the set of all pairs 
(p, q) for which there exists a matrix A £ S(G, E) with p positive and q negative 
eigenvalues which has the Strong Arnold Property. In this paper, we study the 
stable inertia set of (signed) graphs. 
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1 Introduction 



A signed graph is a pair (G, £), where G = ( V, B) is a graph (in which parallel edges 
are permitted, but loops are not) with V = {1, . . . , n} and £ C E. (We refer to [7] 
for the notions and concepts in Graph Theory.) The edges in E are called odd and the 
other edges of E even. If V — {1,2,..., n}, we denote by S(G, £) the set of all real 
symmetric n x n matrices A = [(Hj] with 

• di.j < if i and j are connected by only even edges, 

• dij > if i and j are connected by only odd edges, 

• dij £ M. if i and j are connected by both even and odd edges, 

• di.j = if i ^ j and i and j are non-adjacent, and 

• ai.i £ R for all vertices i. 

If A is a symmetric matrix, then by pin(A) we denote the pair (p, g), where p and g 
are the number of positive and negative eigenvalues of A, respectively. We define the 
inertia set of a signed graph (G, £) as the set {pin(yl) | A £ S(G, £)} and denote it by 
X(G, E). The analogous version for graphs was introduced by Barrett, Hall, and Loewy 
in ||2). For a graph G, denote by S(G) the set of all real symmetric n x n matrices 
A = [ai.j] with dij if i and j are connected by a single edge, ajj G M if i and j 
are connected by multiple edges, a^j = if i ^ j and i and j are non-adjacent, and 
di t i £ R for all vertices i The inertia set of a graph G is the set {pin(yl) | A £ S(G)} 
and is denoted by 1(G). The inertia set of a signed graph is a refinement of the inertia 
set of a graph: If G = (V, E) is a graph, then 1(G) = U S c_e2:(G, S). 

We also make the following definitions for signed graphs. The minimum rank of 
a signed graph (G, E), denoted mr(G, E), is the minimum of the ranks of the ma- 
trices in S(G, E). The minimum semidefinite rank of a signed graph (G, E), de- 
noted mr + (G, E), is the minimum of the ranks of the positive semidefinite matrices 
in S(G, E). The maximum nullity of a signed graph (G, E), denoted M(G, E), is the 
maximum of the nullities of the matrices in S(G, E), and the maximum semidefinite 
nullity, denoted M+(G, E), is the maximum of the nullities of the positive semidef- 
inite matrices in S(G, E). It is clear that if (G, E) has n vertices, then M (G, E) + 
mr(G, E) = n and M + (G, E) + mr + (G, E) = n. The minimum rank, minimum 
semidefinite rank, the maximum nullity, and the maximum semidefinite nullity of 
a graph G are defined in the same way as the corresponding parameters for signed 
graphs, except that one replaces S(G, E) by S(G). Clearly, for a graph G = (V, E), 
mr(G) = minscE mr(G, E) and mr + (G) = min^cE mr+(G, E). The inertia set gen- 
eralizes the minimum rank and minimum semidefinite rank. The minimum rank (min- 
imum semidefinite rank) is equal to the smallest integer k > such that there exists a 
pair (p, q) £ I(G, E) with p + q — k (such that there exists a pair (p, 0) £ I(G, E) 
with p = k). Part of the results in this paper are characterizations of the classes of 
signed graphs (G, E) with M+(G,E) < 1 and with M (G, E) < 1. Currently, the 
study of minimum rank and minimum semidefinite rank of a graph is an area of active 
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research. For a survey on the minimum and minimum semidefinite ranks of graphs, we 
refer to 1 8 1 . 

For an integer n > 0, let N^ Q n j denote the set of all pair (p, q) € N 2 with p+q < n. 
(Here we include in the set of all natural numbers N.) To obtain the inertia set of a 
signed graph (G, S) with n vertices, we need to check for each (p, q) E N 2 , whether 
or not there exists a matrix A € S(G, S) with p positive and q negative eigenvalues. 
Some pairs (p. q) for which there exists such a matrix A E S(G, E) can be found using 
the stable inertia set (defined below). In general, using the stable inertia set we do not 
find all pairs of the inertia set of a signed graph, but we will see that in many cases 
the stable inertia set is already sufficient to determine the inertia set of a signed graph, 
and if not, we can at least partially determine the inertia set of a signed graph. Before 
describing what we mean by the stable inertia set of a signed graph, we describe graph 
parameters that are special cases of the stable inertia set. 

Colin de Verdiere introduced in [4| the interesting graph parameter /i. In order to 
describe this parameter we need the notion of Strong Arnold Property (SAP for short). 
A matrix A = [dij] E S(G) has the SAP if X — is the only symmetric matrix 
X — [xi,j] such that Xij = if i and j are adjacent vertices or i — j, and AX = 0. 
For a graph G, /i(G) is defined as the largest nullity of any matrix A E S(G, 0) that 
has exactly one negative eigenvalue and has the SAP. This parameter has a very nice 
property: if H is a minor of G, then /i(H) < /i(G). Recall that a minor of a graph 
G is any graph that can be obtained from G by a series of contractions of edges of 
subgraph of G. Further, the parameter \l characterizes outerplanar and planar graphs 
as those graphs G such that fi(G) < 2 and [i(G) < 3, respectively, see [4|. Lovasz and 
Schrijver ifTTll showed that graphs G that have a flat embedding are exactly those for 
which < 4. For a survey on \i, see 1 15 1. 

In (6), Colin de Verdiere introduced the graph parameter v. For a simple graph G, 
v{G) is defined to be the largest nullity of any positive semidefinite matrix A E S(G) 
having the SAP. This parameter also has the very nice property that if H is a minor 
of G, then v(H) < v{G). (As v{G) is a lower bound of M + (G), it can be used to 
obtain lower bounds for M + (G) using minors of G.) For the complete graph K n with 
n > 1, v{K n ) = n — 1. So if a simple graph G contains a cycle, that is, if G contains 
a minor isomorphic to K 3 , then v{K$) — 2 < M + (G). Hence a simple graph G with 
M + (G) < 1 does not contain any cycle, that is, G is a forest. Colin de Verdiere showed 
in [6] that for simple graphs, v(G) < 1 if and only if G is a forest. The simple graphs 
G with v(G) < 2 have been characterized by Kotlov |16|. The parameter v can be 
extended to graphs in which we allow parallel edges, but no loops; see lfT2l . In |fl~3), 
van der Hoist gave a characterization of graphs G with v(G) < 2, where parallel edges 
are permitted. 

Barioli, Fallat, and Hogben introduced in [ 1 1 a similar graph parameter £ for simple 
graphs G. This parameter is defined as the largest nullity of any matrix A E S(G) 
having the SAP. It has the same property that if H is a minor of G, then £(H) < £(G). 
For complete graphs K n with n > 1, £,{K n ) = n — 1. Furthermore, 3) = 2. So 
if a simple graph G contains a cycle or a vertex with degree > 2, then 2 < £(G) < 
M(G). Only a disjoint union of paths satisfy the conditions of having no cycles and 
no vertices with degree > 2. Thus, if £(G) < 1, then G is a disjoint union of paths. 
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Barioli, Fallat, and Hogben showed in [ 1 1 that £(G) < 1 if and only if G is a disjoint 
union of paths. The graphs G with £(G) < 2 also have been characterized, see ifTTI . 
We define the stable inertia set of a signed graph (G, S) as the set 

{pin(A) | A G 5(G, E) and ^ has the SAP}, 

and denote it by I s (G, £). It is clear that I s (G, E) C I(G, S) for any signed graph 
(G, E). Analogously, we define the stable inertia set of a graph G = (V, E) as the set 

{pin(A) | A G S(G) and A has the SAP}, 

and denote it by 2 S (G). It is easy to see that 1 S (G) = U S cb2: s (G, S) and that 
I s (G) c 1(G). 

If v is a vertex of (G, S), then <5(t>) denotes the set of all edges incident with v. 
We call the operation E — > EA<5(v) resigning around v, where A is the symmetric 
difference. If U C V, then S(U) denotes the set of all edges that have one end in U and 
one end not in U. We say that (G, E) and (G, EA<5([/)) are sign-equivalent and call 
the operation E — > HAS(U) resigning on U . Resigning on U amounts to performing a 
diagonal similarity on the matrices in S(G, E), and hence it does not affect the inertia 
set. We call a cycle G of a signed graph (G, £) odd if G has an odd number of odd 
edges, otherwise we call C even. We call a signed graph bipartite if it has no odd 
cycles. Zaslavsky showed in 1181 that two signed graphs are sign-equivalent if and 
only if they have the same set of odd cycles. Thus, signed graphs that have the same 
set of odd cycles have the same (stable) inertia set (and the same minimum rank and 
the same minimum semidefinite rank). 

In Section |4] the main section of the paper, we will show that the stable inertia 
set of a signed graph behaves well under taking subgraphs and contracting edges. 
(Contracting an edge e with ends u and v means deleting e and identifying u and 
v, and since we do not allow loops, also deleting any loops that appear.) From this 
result it follows that the same holds for the stable inertia set of a graph. The sta- 
ble inertia set of a signed graph includes in a simple way the graph parameters \i, u, 
and £. For a graph G = (V, E) with n vertices, /i(G) is the largest integer k > 
such that (n - k - 1,1) G T S {G, 0), v{G) is the largest integer k > such that 
(n — k, 0) G I s (G), and £(G) is the largest integer k > for which there exists an 
integer p > such that (p,n — k — p) G I s (G). 

For a signed graph (G, £), we define ^(G, S) as the largest nullity of any positive 
semidefinite matrix A G 5(G, E) having the SAP, and £(G, E) as the largest nullity of 
any matrix A G S(G, E) having the SAP. If (G, E) has n vertices, then v(G, E) is the 
largest integer k > such that (n — k,0) Gl s (G,E) and £(G, E) is the largest integer 
k > for which there exists an integer p > such that (p,n — k — p) G I s (G, E). 
A minor of a signed graph (G, E) is any signed graph that can be obtain from (G, E) 
by deleting edges and vertices, contracting even edges, and resiging around vertices. 
From the result on the behavior of the stable inertia set of a signed graph under taking 
subgraphs and contracting edges, it follows that if (H, O) is a minor of (G, E), then 
u(H,n) < z/(G,E), and that if iT isaminorofG, then £(H', EnE(H')) < £(G,E). 

Let us now introduce some notation. Let A = [aij] be an n x n matrix. If R, S C 
{1, . . . , n}, we denote by A[R, S] the submatrix of A that lies in the rows of A indexed 
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by R and the column indexed by S. If R = S, we will write A[S] for A[R, S]; 
A[{v}, S] can be denoted by A[v, S). ff S C {1, . . . , n}, we let S = {1, . . . , n} \ S. 
If A[S] is invertible, the Schur complement of A[S] in A is the matrix 

A/A[S] = A[S] - A[S,S]A[S]- 1 A[S,S}. 

Notice that if A[S] is invertible, then det(A) = det(A[S]) det(A/A[S]). If m and n 
are nonnegative integers, we denote the space of all m x n real matrices by M m n . If n 
is a nonnegative integer, we denote the set of all symmetric n x n real matrices by S n . 

2 Stable Northeast Lemma for signed graphs 

In this section, we show that if (p, q) £ T S (G, E) and p + q < \V(G)\, then the pair 
up (to the north) and the pair to the right (to the east) also belong to X s (G, E). This 
theorem was shown for the inertia sets of graphs by Barrett et al. (2). 




Figure 1: K%, K%, and Kf 

Let us first introduce some signed graphs. By and K° we denote the signed 
graphs (K n , 0) and (K n , E(K n )), respectively. By K^, we denote the signed graph 
(G, S), where G is the graph obtained from K n by adding to each edge an edge in 
parallel, and where E is the set of edges of K n . By we denote the signed graph 
(C„, 0), and by C° we denote the signed graph (C n , {e}), where e is an edge of C n . 
In Figure[T[ we have depicted iff, K%, and K^. Here a bold edge is an odd edge. By 
Kf, we denote the signed graph (K4, {e}), where e is an edge of K4. By iff 3 and 
K® 3 , we denote the signed graphs {K 2 ^,%) and (K 2: 3, {e}), where e is an edge of 
i^2,3, respectively. 

We have the following observation: if (p, q) e T S {G, E), then (q,p) el s (G,E(G)\ 
E). A similar statement holds for 1(G, E). Hence, if (G, E) is isomorphic to a 
signed graph that is sign-equivalent to (G,E(G) \ E), then (q,p) G T S (G, E) if 
(p, q) £ X S (G, E), and, of course, a similar statement holds for I(G, E). Among 
the signed graphs that we introduced above, K=, iff 3 , iff 3 , Kf, G^, and G°, with n 
even, have this property. 

Lemma 1 (Stable Northeast Lemma for Signed Graphs). Let (G, E) be a signed graph 
with n vertices. If (p, q) £ T S {G, E) and p + q < n, then (p + 1, q), (p, q + 1) £ 
Z S (G,E). 
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Proof. Let A £ S(G, E) have the SAP, p positive and q negative eigenvalues, and let 
k = p + q. There is a k x k diagonal matrix D with p positive and q negative numbers 
on the diagonal, and a k x n matrix U with rank(Z7) = k such that A = U T DU. 
Denote by e, the vector whose ith coordinate is 1 and all other coordinates are 0. Since 
k < n, there is an 1 < i < n such that 



has rank k + 1. Let 
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B = A + e t e 
Since A G S(G, E), clearly B G S(G, E). Since 

B = [C/ T e 8 ] 



B has, by Sylvester's Law of Inertia, p + 1 positive and q negative eigenvalues. 

It remains to show that B has the SAP. The null space of B is equal to the null space 

of T , so the null space of B is a subspace of the null space of A. Let X = [x{ t j] be 

a symmetric n X n matrix with Xij = if i = j or ij e E such that BX = 0. Since 
each vector in the null space of B is in the null space of A, we see that AX = 0. As 
A has the SAP, X = 0. Therefore £ has the SAP. Thus (p + 1, g) e I s (G, S). By 
taking B = A - aef, we see that (p, q + 1) G I s (G, E). □ 

Corollary 2 (Stable Northeast Lemma for Graphs). Le? G be a graph with n vertices. 
If(p, q) G X S (G) andp + q < n, then (p + 1, <?), (p, g + 1) G I S (G). 

The proof of the next lemma is similar to the one for Lemma[T| 

Lemma 3 (Northeast Lemma for Signed Graphs). Let (G, E) be a signed graph with 
n vertices. If (p, q) G I(G, E) and p + q < n, then (p + 1, q), (p, q + 1) G I(G, E). 

As an illustration of Lemma[T] let us determine the inertia sets and the stable inertia 
sets of the signed graphs K=, K^, and K°. We will determine the inertia sets and stable 
inertia sets of C°, C*, K% <3 , K^ a , and Kf in Section^] 



Proposition 4. T{K=) = I s (K=) = N 



[n. 



Proof. The nxn all-zero matrix belongs to S(K~), has positive and negative eigen- 
values, and has the SAP. Hence (0,0) G I S {K=). By Lemma[l] Nf 0n] C 1 S {K=). 



Since clearly X(if =) C N? 



, we obtain 1(K=) = I s (K=) = N 



[0, 



□ 



To determine the inertia sets of K% and K°, we first need a lemma which says that 
the nullity of a connected bipartite signed graph is at most 1. 

Lemma 5. Let (G, E) be a connected bipartite signed graph and let A G S(G, E) 
be positive semidefinite. If x G ker(A) is nonzero, then x has only nonzero entries. 
Especially, nullity(A) < 1. 
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Proof. Since (G, £) is bipartite, we can resign the signed graph to (G, £') which has 
only even edges. Resigning around a vertex v corresponds to multiplying the vth row 
and column of A by —1, and to multiplying the v entry of a; by —1. Hence the result- 
ing matrix B e S(G, £') has only nonpositive off-diagonal entries and the resulting 
vector y belongs to ker(£>). If a sufficiently large, then — B + al has only nonnegative 
entries. Notice that (— B + al)y = ay. Since a is the largest eigenvalue and —B + al 
is irreducible, Perron-Frobenius tells us that any nonzero vector in ker(— B + al) has 
all components positive or all components negative. Hence y has only nonzero com- 
ponents, and so has x. If nullity(j4) > 1, then there exists a nonzero x E ker(yl) with 
at least one component equal to zero. This contradicts that x can have only nonzero 
components. □ 

Lemma 6. If (G, £) is a connected bipartite signed graph with n vertices, then (n — 
2, 0) g X(G, E) and (n - 1,0) G I S (G, E). 

Proof. By Lemma|5] (n - 2, 0) g 1(G, E). 

To see that {n— 1,0) G I s (G, £), let A G 5(G, E) be positive semidefinite. If the 
nullity of A is not equal to one, let Ai be the smallest eigenvalue of A. Then A — X\I 
is positive semidefinite and has nullity 1. Hence we may assume that A has nullity 1. 
Any matrix A G S(G, E) with nullity 1 has the SAP. To see this, let X = [xij] be a 
symmetric matrix satisfying AX = and Xij — if i and j are adjacent or if i = j. 
Then X = yy T for some y G ker(^4) and since x^i — for all vertices i, y = 0. We 
can therefore conclude that (n — 1, 0) G I S (G, E). □ 

Lemma 7. Let (G, E) be a signed graph with n vertices. If S C V(G) ant/ (G, E) \ S 
;s a connected bipartite signed graph, then (n — 2 — | jS 1 ] , 0) ^ I(G, E). 

Proof. Suppose for a contradiction that (n - 2 - 0) G I(G, S). Let A G 5(G, E) 
beapositive semidefinite matrix with nullity 151+2. ThenA[T/ — S] has nullity at least 
2. Since (G, E) \ S is a connected bipartite signed graph, we obtain a contradiction by 
Lemma [5] □ 

For A.BC N 2 , define 

a + b = {(p x +p 2 ,9i + ? 2 ) I (px.gi) e A(P2,« 2 ) e s}. 

Proposition 8. I s (Ki) = T(K X ) = N 2 01] . Ifn > 1, fnen 

I s (^) = l{K e n ) = [{(0, 1)} + Nf 0>n _ 1] ] U {(n - 1, 0), (n, 0)} 

ana" 

= T[K°) = [{(1, 0)} + Nf 0!n _ x] ] U {(0, n - 1), (0, »)}. 

Proof. The n x n all — 1 matrix has one negative, no positive eigenvalues, and has the 
SAP. By the Stable Northeast Lemma, {(0, 1)} + Nf n _ 1] C I s (if«). Since ^ is 
a connected bipartite signed graph, (n — 2,0) l(K^). Since 1 S (K^) C l(K^), 
l s (K e n ) = l(K e n ) = [{(0, 1)} + N 2 U {(n - 1, 0), (n, 0)}. The (stable) inertia 
set of K° follows immediately from the (stable) inertia set of K^. □ 
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If < k < n, we define Nf k n] = {(p,q) £ N 2 \ k < p + q < n}. 
In 0, Barrett, Hall, and Loewy showed that T(K n ) — Nj^ n j . From Proposition|8j 
we obtain the following extension of their result. 

Corollary 9. l s (K n ) = 2(K n ) = N£ n] . 

Proo/ Since J-(Jf«) UZ^) C l*(K n ) and Nf ln] C X%K^Ul s (K^), Nf 1>n] C 
Since mr(X„) = 1, 1(if n ) C Hence Z S (X„) = I(Jf n ) = Nf ln] . 

' □ 

3 The Strong Arnold Hypothesis 

Let G = (V, E) be a graph and A £ 5(G). Suppose J?C7 such that A[R] is invertible 
and A/A[ii] = 0. Let U be an open neighborhood around A in 5(G) such that £>[i?] 
is invertible for each B g J7. Define 

V»s : -> 5 fe 

by 

^r(B) = B/B\R], BeU. 

If it is clear from the context which set R we use, we will write ip instead of tpR. In 
this section we show that A has the SAP if and only if the derivative, Dipft(A), of i/jr 
at A is surjective. First we give an alternative criterion for a matrix A E 5(G) to have 
the SAP; this is the criterion that Colin de Verdiere used in his papers |0J|5]|6l. 

If G is a graph with vertex set {1, . . . , n}, we denote by T(G) the set of all sym- 
metric n x n matrices B = [bij] with bij — if i ^ j and i and j are not adjacent. In 
the following proof we will use that Tr (CD) = Tr(DC) for any n x m matrix G and 
any m x n matrix D. 

Theorem 10. Let G be a graph with n vertices. A matrix A £ 5(G) has the SAP if 
and only if for each real symmetric n x n matrix N, there is a matrix B £ T(G) such 
that x T Nx = x 1 Bx for all x £ kei(A). 

Proof. Let Di, ■ ■ ■ ,Uk form a basis of ker(A) and let Y = [yi . . . yk] ■ The statement 
that for each real symmetric n x n matrix N, there is a matrix B £ T(G) such that 
x T Nx = x T Bx for each x £ ker(A) is the same as the statement that for each real 
symmetric n x n matrix N, there is a matrix B £ T(G) such that Y T NY = Y T BY . 

Suppose that A does not have the SAP. Then there exists a nonzero real symmetric 
matrix X with x iA — and x^j — if i and j are adjacent in G, such that AX = 0. 
Since Xij = if i and j are adjacent or if i = j, Tr(XK) = for all K £ T(G). 
Since each column of X belongs to ker(A), there exists a nonzero symmetric k x k 
matrix G such that X = YCY T . Hence Tr(YCY T K) = for all K £ T(G), and 
therefore 

Tt(CY t KY) = for all K £ T(G). 

Let N be a symmetric n x n matrix such that Y T NY = C. If there would exist a 
symmetric matrix B £ T(G) such that G = Y T BY, then Tr(Y T BYY T KY) = 
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for all K e T(G). Especially, Tr(Y T BYY T BY) = 0, and hence C = Y T BY = 0. 
This contradiction shows that there is no such B 6 T(G). 

Conversely, suppose that there exists a real symmetric n x n matrix N such that 
there is no matrix B £ T(G) for which x T Nx — x T Bx for each x £ ker(A). Then 
the space of all matrices Y T BY with B £ T(G) is not equal to the space of all 
real symmetric k x k matrices. This means that there exists a real symmetric k x k 
matrix C such that Tv(Y T BYC) = for all B £ T(G). Since Tr{Y T BYC) = 
Tt(BYCY t ) = 0, we see that YCY T is orthogonal to each matrix in T(G). So 
X = [xij] = YCY T is a nonzero matrix with Xij — if i — j or if i and j are 
adjacent in G for which AX = 0. □ 

Let L be a subspace of M m n . If / : L x L — >• M m n is defined by /(A, £?) = 
A + B, then the derivative of / at (A, B) is the linear map Df(A, B) : LxL M m<n 
defined by 

(1) Df(A,B)(C,D) = C + D. 

Let L\ and be subspaces of M m ^ n and M n ^ p , respectively. If g : L\ x L2 — > M mjP 
is defined by B) = ^4B, then the derivative of g at (A, £?) is the linear map 
Dg(A, B) : L x x L 2 M m>p defined by 

(2) Dg(A, B)[C, D) = CB + AD. 

Let L be a subspace of the space of all n x n matrices and let U be the open set of all 
invertible matrices in L. If h : U — > M n is defined by h(A) = A , then the derivative 
of h at A is the linear map Dh(A) : L — > M n defined by 

(3) Dh(A)(C) = -A- X CA~ X , 
Define 

1b{A) = 



AIR^AIR, R] 
h 



The columns of 7_r(A) form a basis of ker(A). The mapping ipR is C 1 and, by Equa- 
tions [T[ [2] and [3] the derivative at A is the linear map 

D^ R (A) : T(G) -> 5 fe 

defined by 

^.(^)(C)-7fl.(^) T C , 7i ? (^). 

(A C 1 map is a differentiable map whose derivative is continuous.) 

Finally, we present our main result of this section; it is a new result that will be 
important in the next section. 

Theorem 11. Let A £ S{G) and let R C V(G) such that A[R] is invertible and 
ipn(A) = 0. Then A has the SAP if and only if Dip r( A) is surjective. 
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Proof. Suppose A £ S(G) has the SAP. Let B £ Sk- The symmetric n x n matrix 



satisfies -y R (A) T B'j R (A) = B. Since A has the SAP, there exists a matrix C £ T(G) 
such that lR {A) T C lR {A) = lR {A) T B' lR {A). Thus lR (A) T C lR {A) = B. 

Conversely, suppose Dip R (A) is surjective. Let B' be a symmetric nxn matrix and 
let B = -f R {A) T B'-f R (A). There exists a matrix C £ T{G) such that Dip R (A)(C) = 
1r{A) t C 1r {A) = B. Thus lR {A) T B' lR {A) = lR {A) T C lR {A). □ 

Let A £ S(G, S) and let R C V(G) such that A[R) is invertible and ip R (A) = 0. 
Suppose that Dip R (A) is surjective. Since Dip R (A) is a continuous function in A, 
there exists a neighborhood U of A in 5(G, S) such that Dip R {B) is surjective for all 
B £ U. 



4 The stable inertia set and subgraphs and contracting 
edges 

This is the main section of the paper. If k G N, then by Nf. we denote the set { (p, q) £ 
N 2 | p + q = k}. Let (G, E) be a signed graph with n vertices and let G' be a 
subgraph of G with m vertices. In this section we prove that if (H, fi) is obtained from 
(G', E n E(G')) by contracting s even and t odd edges, then 

l s (H,n)+Nl_ m + {(s,t)}Cl s (G,X). 

First we state the Implicit Function Theorem and give some lemmas. 

Let (x ,y ) £ 1" x W n and W C E n x M m be a neighborhood of (as ,yo). If 
F : W — ► ]R m is differentiable, then D\F{xq,dq) denotes the derivative of j{x) = 
F(x, yo ) at x = x and D 2 F(x ,y ) the derivative of fc(y) = F(x Q ,y) aty = y . 

Theorem 12 (Implicit Function Theorem). 001/ Let W C M n x M m foe a« o/?e« sef 
a«af (a;o,j/o) € l 7 ^- F : iy — > M m foe a G 1 map and c = F(xo,yo). Suppose 
O^O) 2/0 ) G is such that the linear operator D2F(xq, yo) : K m — > R m is invertible. 
Then there are open sets U C M n anc/ V C E m wif/z 

(aro.ifoJel/xVCW 
one/ a unique G 1 map g : U ^ V such that 

F(x,g(x)) = c 

for all x £ U, and moreover, F(x, y) ^ c if (x,y) £ U x V and y ^ g(x). 

We apply the Implicit Function Theorem in the proof of the following lemma. 

Lemma 13. Let W C K x W 1 be an open set and (0, a) £ W. Let F : W -> R m foe 
a G 1 ma/7, ana" define f(x) = F(0, x). If /(a) = ana" Df(a) is surjective, then there 
exists a S > sMcfo. that for each h € K vv/f/i |fo,| < (5, f/iere eja'sfs a (/i, 6) € W smc/z 
ffo.af b) = anc/ DF{h 1 b) is surjective. 
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Proof. Since Df(a) is surjective, the Jacobian matrix Jf(a) of / at a has rank m. 
We may assume that the last m columns of Jf(a) span an invertible matrix. We write 
Rn = R n- m x Rm and Q = ( aij a 2 ) ? w here at G R"~ m and a 2 G K m . Then 
f 2/(^1, a 2 ) is an invertible linear operator, which implies that DF(0, a) is surjective. 
By the Implicit Function Theorem, there are open sets U C J^™-"^ 1 and C M" 1 
such that (0, ax) G {/, a 2 G V and U xV CW and a unique C 1 map G : J7 -> V such 
that G(x)) = for all x G U and y) ^ if (x, y) G U x V" and y ^ G(x). 
Let <5 > for which there exists a neighborhood U' of ai such that (—6, S) x {/' C [7. 
If ft G (-5, S), choose 61 G £/' and let b = (b t , G(ft, 61)). Then F(ft, 6) =0. □ 

The following lemma is taken from JT4); for convenience we include a proof. 

Lemma 14. Lef A = [a* j] £>e a nonzero symmetric n x n matrix. Then there is an 
SC. {1, . . . , n} we/; f/zaf v4[5 l ] « invertible and A/ A[S] = 0. 

Proof. Take SC {1, . . . , n.} such that is invertible and |5| is as large as possible. 
(It is clear that such an S exists.) Let B — [bij] = A/A[S]. If bi.i 7^ for some i $ S, 
then 

det(A[S U {i}]) = det(A[5]) det(A[S U 
= det(A[S])6 M 

This contradicts the maximality of Hence fry = for each i S. 

If there are vertices i,j^S such that b^j 7^ 0, then the principal submatrix 



K 



b id 



[hi 

of B has det(it) 7^ 0. So 

det(A[S U{i,j}]) = det(A[S]) det(A[S U {i,j}]/A[S}) 
= det(A[S}) det(K) 

which contradicts the maximality of \S\. Thus _B = 0. □ 

Theorem 15. Let (G, S) be a signed graph with n vertices and let (H, E n E(H)) be 
a signed subgraph of (G, E) with m vertices. Then 

I s (H, E n E{H)) + Nl_ m C I s (G, E). 

Proof. We may assume that (G, E) has vertex set {1, . . . , n}. As each signed subgraph 
(H, E (1 E(H)) of (G, E) arises by a series of deletions of edges and isolated vertices, 
we may assume that either H = G \ {v} for an isolated vertex v of G or H = G\e 
for an edge e. 

Assume (H, E) arises from (G, E) by deleting an isolated vertex v; we assume that 
v = 1. Let A = [ajj] G E) have the SAP and have p positive and q negative 

eigenvalues. The matrix 



11 



belongs to S(G, E) and has p + 1 positive and q negative eigenvalues. We claim that 
M has the SAP. Each vector x € ker(M) has xx = and x[V(if)] € ker(A). Let G 
be an arbitrary real symmetric n x n matrix, C = C[V(H)], and y = x[V(H)}. As 
A has the SAP, there exists a matrix B' = [tf.A E T(H) such y T C'y = y T B'y. The 
matrix 

"0 (T 



B = 



B' 



belongs to T(G). We get x T Cx = y T G'?/ = y T B'y = x T Bx for all x e ker(M), 
showing that M has the SAP. 

Assume next that (H, E n E(H)) arises from (G, E) by deleting an even edge 
e = itu>; the case where e is odd is similar, except that in that case we have to take 
h > 0. We may assume that u = 1 and w — 2. Let i? := {3, . . . , n}. Define a function 

/ : R x S n £?(#)) ->■ 5„ 



by 



f(h,K) 



kx,i 
h 

K[R, 1] 



h 

if [i?, 2] 



where if = [hj] € S(iT, E n E{H)), and let fh(K) = f(h, K). So / is the identity 
onS(H,Y,nE(H)). 

LetA= [ctij] € 5*(iJ, J^DE(H)) have the SAP and have p positive and q negative 



eigenvalues. By Lemma 14 there exists a subset S C V for which A[S] is invertible 
and ips(A) = 0. Since A has the SAP, Dips (A) is surjective, by Theorem 11 Since 
eigenvalues continuously depend on the entries of the matrix, there exists an open set U 
of E x S(H, E n E(H)) containing (0, A) such that for all (h, B) € U, f(h, B) [S] has 
the same inertia as A[S] = /(0, A) [5]. Define g : U — > 6>fc by g = ^5 o and define 
ffoC^) = 5(0, x). Then go (A) = and Dgo(A) is surjective. By Lemma [T3j there 
exists a 8 > such that for all hi with < 8, there exists a C\ e S(H, E n E(H)) 
such that (/ii, Ci) € £/, <?(/ii, Ci) = 0, and Dg(h\, C\) is surjective. Let <5 < /i < 
and C € S(H, E n £(#)) such that (h, C) € U, g(h, C) = and £>g(/i, C) is 
surjective. Let M = f(h,C). Then A/ e S(G, E). Since C) is surjective, 

Dips(M) is surjective. Hence M has the SAP. Since (h, C) e £7, Af[S1 has the same 
inertia as A[S}. Thus Z s (ii, E n E(H)) C Z S (G, E). □ 

Lemma 16. If(G, E) is a signed graph with n > vertices, then N^ l _ 1 n j C I s (G, E) C 
Z(G, E). 



= N : 



■N 2 , 

N n— 1 



j and by deleting n — 1 vertices from (G, E) we obtain a 

CI S (G,E). □ 



Proof. Since X s (#1 
single vertex, N 2 ^ 

Barrett et al. [2| showed that for any graph with n vertices, 



} 2 

'[n-l,n] 



16 



-l,n] 



C 1(G). 



is a strengthening of their result, as for any signed graph (G, E), N? n _ 1 n , C 



Lemma 

X s (G,Syci s (G) ci(G). 

If G is a graph without loops and e is an edge of G, then G/e denotes the graph 
obtained from G by contracting e. 
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Theorem 17. Let (G, S) be a signed graph and e G E(G). If e is odd, then 
r(G/ e ,E\{e}) + {(0,l)}CI s (G,E). 



Tfe i's even, then 



l s (G/e,E) + {(l,0)}Cl s (G,E). 



Proof. We may assume that (G, E) has vertex set {1, . . . , n}. 

We give the proof only for the case that e = uw is an even edge; the case that e is 
odd is similar, except that h < when e is odd. We may assume that u = n — 1 and 
u> = n. Let v be the new vertex of G/e; so u = n — 1. 

Let P = {1, . . . , n - 2}. Let Z be the subset of all matrices K = [ki t j] £ S(G, S) 



(4) 
by 



(5) 



-i, Define a function 



x Z 



f(h,K) 



K[R] - hK[R,n]K[n, R] 
K[n,R] + K[n-l,R] 



K[R, n]+K[R,n 



tmdtet f h (K) = f(h,K). 

Let A = [dij] € S(G/e, S) have the SAP and have p positive and q negative 
eigenvalues. By Lemma[l4j there exists a subset S C {1, . . . , n— 1} for which A[S] is 
invertible and ips{A) = 0. Since A has the SAP, Dips (A) is surjective by Theorem[TT] 
The image of /q is a superset of S(G/e, S), so there is a F e I x Z such that 
fo{P) = A. Since eigenvalues continuously depend on the entries of the matrix, there 
exists an open set U of R x Z containing (0, P) such that for all [h, B) e J7, /(/i, B)[5] 
has the same inertia as A[S] = f(0,P)[S]. Define g : U —> Sk by g — tps ° /it; 
and define <7o( a; ) = 5(0,2;). Then go(P) — 0. Since T(G/e) is a subset of the 



image of Dfijj, Dgo(P) is surjective. By Lemma 13 there exists a S > such that 
for all hi with < 5, there exists a C x e 5 (G/e, S) such that (ft-i,Gi) 6 C/, 
g(hi,Ci) = 0, and Dg(hi,Ci) is surjective. Let < ft- < S and G e S(G/e, S) such 
that (/i, G) £ C/, g(/i, G) = 0, and Dg(h, C) is surjective. Let 



M 



C[R] 
C[n-1,R] 
C[n, R] 



C[R,n-l] C[R,n] 



Cn—l.n—l T t 
_i 



Then^ w (M) = f(h, G), so g(h, C) = ^ s (ip {n} (M)). Since (h, C) G [/, /(ft, G) [5] 
has the same inertia as A[S] = /(0, P)[S]. Hence A/ has p + 1 positive and q nega- 
tive eigenvalues. Since Dg(h, C) is surjective, D(ips ° "0{n})(^) — -C'V'Sufn} (-W) i s 
surjective. Hence M has the SAP. Thus I s (G/e, S) + {(1, 0)} C I S (G, S). □ 

From the previous theorem we obtain the following theorem. 

Theorem 18. Let (G, S) be a signed graph, let e be an even edge, and let u be an end 
ofe. Then [{(1, 0)} +l s (G/e 7 £)] U [{0, 1} +I s (G/e, EA(8(u) \ {e})] C I S (G, E). 
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Recall that a signed graph (if, E') is a minor of a signed graph (G, E) if (if, E') 
is sign-equivalent to a signed graph that can be obtained by contracting a sequence of 
even edges in a subgraph of (G, E). 

Corollary 19. If (G', E') is a minor of (G, E), then u(G f , E') < u(G, S). 

Proof. Let (G, E) have n vertices. As resigning on a subset U C V(£?) does not 
change ^(G, E), it suffices to prove this for the cases that (G', E') is obtained from 
(G, E) by deleting an edge or an isolated vertex, or contracting an even edge. 

Suppose that (G', E') is obtain from (G, E) by deleting an isolated vertex. Then 
(G',E') has n - 1 vertices. Since (n - 1 - v(G',E')) G X S (G',S), we obtain by 
"lfliat{(n-l-i/(G / ,E / ),0)}+Nf CZ S (G,E). Hence (n—v(G', E'), 0) G 
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Theorem 

X S (G, E) and so i/(G', E') < E). 

Suppose next that (G', E') is obtained from (G, E) by deleting an edge. Then 
(G', E') has n vertices. Since (n - i<G', E'), 0) G X s (G', E'), we obtain by Theo- 
rem[B]that (n — v(G', E'), 0) eP(G,E). Hence v(G', E') < z/(G,E). 

Finally, suppose that (G', E') is obtained from (G, E) by contracting an even edge. 
Then (G',E') has n - 1 vertices. Since (n - 1 - i>(G',E'),0) G Z S (G',E'), we 



obtain by Theorem 17 that {(n - 1 - j/(G',E'),0)} + {(1,0)} G I S (G,E). Hence 



(n - v(G', E'), 0) G I S (G, E) and so v{G' , E') < i^(G, E). □ 
In the same way one can prove the following corollary. 

Corollary 20. If H = (W, F) is a minor of G = (V, E) and (G, E) is a signed graph, 
then £(H, E n F) < £(G, E). 

Corollary 21. ^ If H is a minor of G, then fi(H ) < //(G). 

Proof. It suffices to prove this for the cases that if is obtained from G by deleting an 
edge or an isolated vertex, or contracting an edge. Let G have n vertices. 

Suppose that if is obtained from G by deleting an isolated vertex. Then if has 



n — 1 vertices. Since (n — 1 — jtt(if) — 1,1) G T S {H, 0), we obtain by Theorem 15 
that{(n-2-/i(ff),l)}+N? CP(G,0). Hence (n- I- fx(H),l) eI s (G,0)and 
so /t (if) < fi(G). 

Suppose next that if is obtained from G by deleting an edge. Then if has n ver- 



tices. Since (n — n(H) — 1,1) G I s (if, 0), we obtain by Theorem 15 that (n — 1 — 
H{H), 1) G 1 S (G, 0). Hence //(ff) < n(G). 

Finally, suppose that if is obtained from G by contracting an edge. Then ff has 
Ti—l vertices. Since (n — 1 — fi(H) — 1,1) G F. S (H : 0), we obtain by Theorem 17 



that {(n- 2 - //(if), 1)} + {(1,0)} eP(G,0). Hence (n - 1 - //(if), 1) eZ s (G,0) 
and so //(if) < //(G). □ 

Corollary 22. Let H be a minor of G and let k = \G\ - \H\. Then 1 S (H) + N 2 k C 
X S (G). 

Proof. It suffices to prove this for the cases that if is a subgraph of G or that if is 
obtained from G by contracting an edge. Let (p,q) G X s (H). Then there exists a 
subset E C i?(ff) such that (p,q) G X s (ff, E). If if is a subgraph of G, then, by 
Theorem [15] {(p,g)} + C I S (G,E) C X s (G). If if is obtained from G by 
contracting an edge, then, by Theorem [17} {(p, g)} + N| C I s (G, E) C X s (G). □ 
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Corollary 23. [6]IfH is a minor ofG, then u(H) < v{G). 

Proof. There exists a subset E C E(H) such that v(H) = u(H, E). Since (H, E) is 
a minor of (G, S), z/(#, E) < z/(G, E). As f(G, E) < we obtain that z/(Jf) < 

In the same way one can prove the following corollary. 
Corollary 24. £1? IfH is a minor ofG, then £(H) < £(G). 



5 The stable inertia sets of some other graphs and signed 
graphs 

In this section we determine the inertia sets of some more graphs and signed graphs. We 
first determine the stable inertia sets of trees. Since for any tree T and any E C E(T), 
the signed graph (T, E) is sign-equivalent to (T, 0), these results immediately give the 
stable inertia set of signed graphs (T. E), where T is a tree and E C E(T). 

Proposition 25. lfn>% then X s (P n ) = l{P n ) = N? n _ x where P n is a path on n 
vertices. 



Proof. By Lemma 16 Nf* , C X s (P n ) C J(P„). As mr(P„) =n-l (see 00), 



APn) C Nf^ liB] . Hence l(P n ) = X'(P n ) = Nf B _ ljn] . □ 
Proposition 26. X s (K h3 ) = T{K ltS ) = Nf 3>4] U {(1, 1)}. 



Proof. By Lemma 16 Nf 3 4] C X s (ifi, 3 ) C X(K li3 ). Since MfXi.s) = 2, (1,1) £ 



I s (K h3 ,<b), and hence (1,1) € I S {K X>3 ). Since mr (K 1)3 ) = 2, 1(Ki, 3 ) C Nj^. 
Since mr + (# 1>3 ) = 3, 1(^,3) C Nf 3 4] U {(1,1)}. Hence I s (K 1<3 ) = X(K 1>3 ) ' = 
Nf 3)4] U{(l,l)}. ' □ 

Proposition 27. IfT is a tree with n vertices which has at least one vertex of degree 
> 3, thenX^T) = (Nf 3>4] U {(1, 1)}) + N„_ 4 . 



Proof. Since K\ i3 is a minor of T, (N| 4] U{(1, 1)})+N;;_ 4 c X s (T) by Theorem 22 
Since £(T) < 2 (see [l'|), X S {T) C Nf„_ 2 n] . Since M+(T) = 1, X,(T) = (Nf 3 4] U 
{(1,1)})+N*_ 4 - □ 

In general, X(T) ^ X s (T) for a tree T. For example, if T = K 1A ,then M(K 1A ) = 
3, while 4) = 2, so I s (Ki^) is a strict subset of X{K\a). 

Theorem 28. Let (G, E) be a signed graph and let v be a vertex of degree one. Let w 
be the vertex adjacent to v. Let (Gi, Ei) be obtained from (G, E) by deleting v, and 
let {H, f2) be obtained from (G, E) by deleting v and w. IfX s (H, fi) = X(H, Q), then 

I S (G,E) = X'(G ll E l ) +Nj. 

Furthermore, ifX{Gx, E x ) = X S {G U Ei), f/zen X(G, E) = X S (G, E). 
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Proof. By Theorem [T8| 

I s (Gi, Si) + N? C X S (G, £) C Z(G, E). 

(As edge e, we can use the edge connecting v and w.) 
For the converse inclusion, suppose 

(p,g)eI s (G,E)\(I s (G 1 ,E 1 )+N2). 

We may assume that V(G) = {1, . . . , n} and that v — n and u> = n — 1. Let 
R = V(G) \ {v, w}. We claim that any matrix A = [a* 3 -] € <S'(G, E) with p positive 
and q negative eigenvalues, and the SAP has a v , v = 0. To see this, suppose for a 
contradiction that a v<v ^ 0. If a v . v > 0, then 



B = A/A[v] = 



' A[R] 
A[w, R] a n 



A[R,w] 



has p — 1 positive and g negative eigenvalues. Suppose does not have the SAP. Then 
there exists a nonzero symmetric matrix X = [x^j] with Xij = if i and j are adjacent 
in (Gi, E) or if i = j, such that BX = 0. Let 



Y 



-a v la 



X[R] 
X[w,R] 
X\w, 



X[R, 





X[R,; 



Then yij = if i and j are adjacent in (G, E) or if i = j, and AY = 0. Hence A 
would not satisfy the SAP. This contradiction shows that B has the SAP. Hence (p — 
l,q) € I s (Gi,Ei), and so (p, g) e {(1, 0)} +I s (Gi, Ei), which is a contradiction. If 
a>v,v < 0, then B = A/A[v] G S(Gi, Ei) has p positive and g— 1 negative eigenvalues. 
In the same way as above one can show that B has the SAP. Then (p, g) 6 {(0, 1)} + 
I s (G i, Ei), a contradiction. These contradictions show that a v>v = 0. 

A calculation shows that A/^4[{i;, w}] — A[R]. Since A[{v, w}] has one positive 
and one negative eigenvalue, A[R] = A/A[{v, w}} has p— 1 positive and g— 1 negative 
eigenvalues. Since A[R] G S(H,fl), (p - l,q - 1) G l(H,fl) = 1 S (H,Q). By 
Theorem [n] I s (H,fl) + Nf C I s (Gi,Ei), and so (p,g- 1) G I s (Gi,Ei). Hence 
(p,q) G Z s (Gi,Ei) + {(0, 1)} C Z s (Gi,Ei) +N?, which is a contradiction. 

Assume now furthermore thatZ(Gi, Ei) =Z s (Gi,Ei). Suppose (p,g) G X(G, E)\ 
(X s (Gi,E x ) + Nf). Then any matrix A = [a^] G S(G, E) with p positive and 
g negative eigenvalues has a„,„ = 0. The proof of this is similar as above. Then 
(p — 1, g — 1) G f2) = Z S {H, f2) and then in the same way as above (p, g) G 
J s (Gi,Ei)+N?. ' □ 



Theorem 29. Lef (G, E) foe a signed graph, let v be a vertex of degree two in G with 
two neighbors u and w, and suppose the edges incident to v are even. Let (Gi , E) 
and (G2,E2) be obtained from (G, E) by deleting v and adding between u and w 
respectively an even edge and an odd edge. Let (H, O) be obtained from (G, E) by 
deleting v and identifying u and w. IfT s {H, Q) = I{H, Q), then 



T(G, E) = [{(1, 0)} +l s (Gi, £)] U [{(0, 1)} +1 S (G 2 , E 2 )]. 
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Furthermore, ifl s (G l7 T,) = X{G X , E) andl s (G 2 , E 2 ) = X(G 2 , E 2 ), thenl(G, E) = 
X S (G,E) 

Proof. By Theorem [18] 

[{(1,0)} +I s (G l5 E)] U [{(0, 1)} + 2T S (G 2 , E 2 )] C Z S (G, E). 

(As edge e, we can use the edge connecting v and tu.) 

For the converse inclusion, suppose (p, q) E I s (G, S) and 

(P. 9) £ [{(1, 0)} +X s (G l5 E)] U [{(0, 1)} + l s (G 2l E 2 )]. 

We may assume that F(G) = {1, . . . , n} and that v = n, u = n — 1, and w = n — 2. 
Let i? = V(G) \ {u, w, w} and 5 = {u, w}. We claim that any matrix A = [dij] G 
S(G, E) with p positive and q negative eigenvalues, and the SAP has a v _ v = 0. To 
see this, suppose for a contradiction that a v v ^ 0. If a v v > 0, then B = A/A[v] £ 
S(Gi, E) has p — 1 positive and q negative eigenvalues. Suppose B does not have the 
SAP. Then there exists a nonzero symmetric matrix X — [xij 
j are adjacent in (Gi , E) or if i = j, such that BX = 0. Let 



with Xij = if i and 



Y 



[Vi,: 



X[R] X[R,S] 
X[S,R] 
-a-lA[v,S]X[S,R] 



-a-^ v X[R, S]A[S, v] 





Then y^j = if i and j are adjacent in (G, E) or if i = j, and AY = 0. Hence 
A would not satisfy the SAP. This contradiction shows that B has the SAP. Hence 
(p,q) G [{(1,0)} +2?(Gi,E)], a contradiction. If a„ (V < 0, then B = A/A[v] G 
S(G2, E 2 ) has p positive and g — 1 negative eigenvalues, and in the same way as 
above one can show that B has the SAP. Then (p, q) G [{(0, 1)} + 1 S (G 2 , E 2 )], a 
contradiction. These contradictions show that a^ iV = 0. 

We claim that A/yl[{i>, u}] G ^(i?, By simultaneously scaling the uth row and 
column, we may assume that a v>u = — 1. Similarly, by simultaneously scaling the wth 



row and column we may assume that a v _ w = — 1. Let c = a v 



2a u w Then 



A/A[{v,u}\ 



A[R] A[R,u] - A[R,w] 

A[u, R] - A[w, R] c 



G S(H,to). 



Since A[{v, u}] has one positive and one negative eigenvalue, A/A[{v, u}] has p — 1 
positive and q — 1 negative eigenvalues. Hence (p — 1, g — 1) G I(-ff, f2) = I s (H, £1). 
By Theorem [17] {(1,0)} +l s (H,n) C I S (G 2 ,S 2 ) and {(0,1)} +l s (H,fl) C 



J s (Gi,E), and so (p,g — 1) G Z S (G 2 ,E 2 ) and (p - l,q) G I s (Gi,E). Hence 
0, g) G [{(1, 0)} +X s (Gi, E)] U [{(0, 1)} +I S (G 2 , E 2 )], which is a contradiction. 

The proof that I(G,E) =I S (G,I]) ifI s (Gi,S) = X(G U E) and X S (G 2 , E 2 ) = 
X(G 2 , E 2 ) goes along the same lines. □ 



By applying induction on fc and using Propositions [4] and [8] and Theorem 29 
can prove the following proposition. 
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Proposition 30. If k is an even positive integer, then 

l s (C e k ) = T{Ci) = Nf fe _ 1(fc] U {(2p + 1, k - 3 - 2p) | p = 0, . . . , k/2 - 2} 

and 

l s (C° k ) = l(C° k ) = Nf k _ lM U {(2p, k - 2 - 2p) \p = 0. . . . , k/2 - 1}. 
If k is an odd integer > 3, then 

l s (C e k ) = Z{C%) = Nf k _ hk] U {(2p, k-2-2p)\p = 0,...,(k- 3)/2} 

and 

l s (C° k ) = l(C° k ) = Nf fc _ 1)fe] U {(2p + l,k - 3 - 2p) \ p = 0. . .. ,(k - 3)/2}. 
Corollary 31. Ifk is an integer > 2, then I s (C k ) — N? fe _ 2 fe i. 
Proposition 32. I s (^) = = N [2)4] . 

Proof. We may assume that Kf contains one odd edge e. Since Kf contains an odd 
triangle which can be obtained by deleting one vertex, N[ 2 ,4] Q l s (Kf). Suppose for 
a contradiction that there exists a matrix A G S(Kf) with nullity > 2. Let / = vw be 
an even edge adjacent to e, where v is incident to e. As A has nullity > 2, there exists 
a nonzero vector x g ker(^4) with x v = x w = 0. The other components of x must be 
nonzero. Let a v and a w be the vth and u>th row of A, respectively. From a w x = it 
follows that one component is negative and the other positive. From a v x = it follows 
that both are either negative or positive. This contradiction shows that A has nullity at 
most two. Hence I s (Kf) = l(Kf) = N [2A] . □ 

Proposition 33. l s (K% fi ) = l(Kl 3 ) = f% i5] and 

l s (Kl 3 ) = l(Kl 3 ) = [{(1, 1)} + N [0l3 ]] U {(0, 4), (0, 5), (4, 0), (5, 0)}. 

Proof. Since iff 3 i s sign-equivalent to (if 2 , 3 , E(K 2t3 )), (p, q) G I s (iff.3) ^ an ^ on ^/ 
if (q,p) G T S (K^ 3 ). A similar statement holds for K% 3 - 

Since the signed graph iff 3 is bipartite, (3, 0) £ f(iff 3 ) and (4, 0) € X s (iff 3 ). 
Since M (if 2j3 ) = 3 (see 0),' (1,1) G Z s (iff 3 ). Hence Z(iff 3 ) = I s (iff 3 )' = 
({(1, 1)} + N [0 , 3] ) U {(0, 4), (0, 5), (4, 0), (5, 0)}. 

We now prove that I(iff 3 ) = I s (iff 3 ) = Nragi. By resigning if necessary, 
we may assume that K| 3 has exactly one odd edge e. Removing the end of e with 
degree two leaves an even 4-cycle, and removing another vertex with degree two leaves 
an odd 4-cycle. Since I s (CI) U I s (Cf ) = Nr 2 4], we obtain from Theorem 17 that 

N [3i5 ,a s (q 3 )a(i(» 3 ). 

Suppose that there exists a (p, g) G I(K 23 ) with p + q < 2. Then there exists 
a matrix A G S(K%%) with nullity at least three. Let v be the vertex of degree three 
which is incident to e. Let w be the other vertex of degree three, and let ui,u 2 , u 3 
be the vertices of degree two, where we assume that m is incident to e. Since A has 
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nullity at least three, there exists a nonzero vector x € ker(A) with x v — x U2 = 0. 
For each vertex i of 3 , let a,; denote the ith row of A. From a U2 x — 0, we obtain 
that x w = 0. From a v x = 0, we obtain that x Ul and x U3 must have the same sign. 
However, from a w x = 0, we obtain that x Ul and x U3 must have different signs. This 
contradiction shows that X s (iff 3) = 1(^23) = N [3,5]- D 

Corollary 34. Z s (if 2 , 3 ) = Nf 3 >5] U {(1, 1)}. 
Proposition 35. 1 S (K^) = I(K 3>3 ) = {(1, 1)} U Nf 3i6] . 

Proof. Since has a ^-minor, 6 j C I s (-^3,3) by Corollary 

Since £(K 3 . 3 ) =4andmr + (X 3 , 3 ) > 3 (see 0), (l,l)el s (%). Hence {(1, 1)} U 
Nf 3i6] C 1 S (K 3>3 ). Since mr(X 3 , 3 ) = 2, mr + (tf 3 , 3 ) = 3, and Z S (K 3 , 3 ) C 1{K 3;3 ), 

1 S (K 3 , 3 ) = 1(K 3 , 3 ) = {(1, 1)} U Nf 3i6] . □ 
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and Corollary|9j 



6 Disjoint unions and 1-sums 

A cut-vertex of a graph is a vertex whose deletion increases the number of connected 
components. A connected graph G is 2-connected if G has at least three vertices and no 
cut-vertex. A block of a graph is a maximal connected subgraph without a cut-vertex. 
Let G be a graph and let C be a block of G. The f/i/n o«f of C in G is the graph obtained 
from G by adding a pendant edge to each cut vertex v of G contained in G. So the thin 
out of G is a subgraph of G. These definitions extend to signed graphs. In this section 
we show how the stable inertia set of a signed graph (G, S) can be determined from 
the stable inertia sets of the thin out of the 2-connected blocks in (G, S). A similar 
statement holds for graphs. 

The following lemma will be used in the proofs of the theorems of this section. 

Lemma 36. Let (G, S) be a signed graph and let A G S(G, Si). Suppose S\ and 
S2 are nonempty disjoint subsets ofV{G) such that A[S\, 62] = 0. Let R — V{G) \ 
(Si U S2). If A has the SAP, then it is not possible that there are nonzero vectors y and 
z such that A[S\ U R, S\]y = and A[S% U i?, S-z\z — 0. 

Proof. We may assume that Si = {1, . . . , fc}, R = {k + 1, . . . , m} and S = {m + 
1, . . . , n}. If A[Si U R, Si]y = and A[S 2 U R, S 2 }z = 0, then the matrix 



X = [a 



yz T 

zy T 



is nonzero, satisfies x^j = if i and j are adjacent in G or if i = j, and AX = 0, 
which is a contradiction. □ 

The disjoint union of two signed graphs (Gi, Si) and (G2, £2) w i m disjoint vertex 
sets is the signed graph (Gi U G 2 , Si U S 2 ). 



Theorem 37. Suppose (G, S) is the disjoint union of (G\, Si) and (G 2 , S 2 ), and let 

^Ju[J s (G2,S 2 )+N2 i ]. 



ni = \Vi\andn-2 = \V 2 \. Thenl s (G,E) = [I s (Gi, S^+N^ju [1 S (G 2 , Z 2 )+N 2 r , 



19 



Proof. Since (G x , E x ) and (G 2 , E 2 ) are subgraphs of (G, E), Z s (Gi, E x ) + N 2 2 C 
J S (G, E) andZ s (G 2 , EaJ+N*, C I S (G, E). Hence [I s (Gi, E0+N 2 2 ]U[Z s (G 2 , E 2 ) + 
<]C1'(G,E). 

To see the converse inclusion, let (p, q) G X S (G, E). Let A £ S(G : E) have 
the SAP, p positive and q negative eigenvalues. Since A has the SAP, A[V(Gi)] or 
A[V(G 2 )] is nonsingular by Lemma 36 We may assume that A[V(Gi)] is nonsingular, 
as the other case is similar. 

Suppose that .A[V(G 2 )] does not have the SAP. Then there exists a nonzero sym- 
metric matrix X = [xi j] with x^i = for all i £ V(G 2 ), Xij — for all ij G E(G 2 ), 
and A[V(G 2 )]X = 0. Let 

v r l I" °" 

Then y M = for all i £ V(G), y id = for all ij € E(G), and AY = 0. Hence A 
does not have the SAP, contradicting the assumption. 

Thus, (p,q)eI s (G 2 ,E 2 )+N2 i . ' □ 

From Theorem[37] we immediately obtain the following corollaries. 

Corollary 38. Let G be a disjoint union of G\ and G 2 . Let ri\ = \G\ \ and n 2 = |G 2 1. 

Thenl s {G) = [1°{G X ) + N 2 J U [X\G 2 ) +N*J. 

Corollary 39. If(G, E) is the disjoint union o/(Gi, Ei) and (G 2 , E 2 ), then v{G, E) = 
max{ i y(Gi,E 1 ),i/(G 2! E 2 )}. 

Corollary 40. If(G, E) z'i the disjoint union of{G\, Ei) ant/ (G 2 , E 2 ), fnen £(G, E) = 
max{£(Gi,£0,£(G 2 ,£ 2 )}. 

If Gi = (Vi, Ex) and G 2 = (V 2 , E 2 ) are subgraphs of G such that G = Gi U G 2 
and V\ n V 2 = {«}, then G is called the 1-sum of Gi and G 2 at u. Let (G, E) be a 
signed graph. If G is the 1-sum of Gi and G 2 at v, then (G, E) is called the 1-sum of 
(Gi, E n Ei) and (G 2 , E n E 2 ) at v. 

For (pi,9i), (p2, g 2 ) € N 2 , define (p lf g x ) + (p 2 , £?a) = (Pi + P2, qi + 1i). 

Theorem 41. Let (G, E) fee a connected signed graph and suppose (G, E) is the l-sum 
of (Gi, Ei) ant/ (G 2 , E 2 ) af v, with both E(Gi) and E{G 2 ) nonempty. Let rii and n 2 
be the number of vertices of Gi and G 2 , respectively. For i = 1,2, let (7?i,Ej) be 
the signed graph obtained from K 2 and Gi by identifying a vertex of K 2 with v. Then 
X'(G, E) - [1 S (H U SO + N 2 l2 _ 2 ] U [1 S (H 2 , E 2 ) + N 2 ni _ 2 ]. 

Proof. By negating around vertices, we may assume that for i = 1, 2 at least one edge 
of Gi incident to i? is even. Since (7?i,Ei) and (if 2 ,£ 2 ) are subgraphs of (G, E), 
l s (Hi,Si) +N„ 2 _ 2 C I S (G,E) andI*(tf 2 ,E 2 ) + N ni _ 2 C I S (G,E). Hence 
[l s {Hi, Si) + N„ 2 _ 2 ] U [I s (#2, E 2 ) + N ni _ 2 ] C I S (G, E). 

To see the converse inclusion, let A e 5(G, E) have the SAP. For i = 1, 2, let 
V5 = £!( = E(Gi), and 5 4 = V* \ {«}. 

Suppose .A [Si] is nonsingular. We may write 



A = 



' A[Si] A[S u v] 
A[v,Si] a v>v A[v,S 2 ] 
A[S 2 ,v] A[S 2 ] 
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Let 

P = 

By Sylvester's Law of Inertia, 

P T AP 



I -AiS^AiS^v] 6 
1 

0/ 



A[Si] 
a v 






A^S^AlSi^AlSuv] A[v,S 2 ] 
A[S 2 ,v] A[S 2 ] 



has the same inertia as A. The matrix 

B := 



a v . v - A[v, S 1 ]A[Si]- l A[S 1 ,v] A[v, S 2 ] 
A[S 2 ,v] A[S 2 ] 



belongs to S(G 2 , £ 2 ) and pin(B) + pin(A[5i]) = pin(A). 

Suppose for a contradiction that B does not have the SAP. Then there exists a 
nonzero symmetric matrix X = [xij] with Xi i = for all i £ V 2 , Xij — for all 
ij G E 2 , and BI = 0. Let Z = -A[Si]- x A[Sx,v]X[v, S 2 ] and 



Y = [Vij] = 











X[S 2: 



z 

X[v,S 2 ] 
v] X[S 2 ] 



Then yij = for all i G V, J/,- j = for all zj G E 1 , and AY = 0. Hence A does not 
have the SAP, contradicting the assumption. 

Hence pin(^4) G 1 S (G 2 , S 2 ) + and since G 2 is a subgraph of H 2 , pin(A) G 

1 S (H 2 , £ 2 ) + N ni _ 2 . The case where A[S 2 ] is nonsingular can be done similarly. 

Therefore we may assume that both A[S\] and A[S 2 ] are singular. Since A has 



the SAP, it is, by Lemma 36 not possible that there are nonzero vectors y and z such 
that A[Vi, Si]y = and A[V 2 , S 2 ]z = 0; say there is no nonzero vector y such that 
A[V 1 ,S 1 ]y = 0. 

Since there is no nonzero y with A[Si U {v}, Si]y — 0, A[Si] has nullity 1, Let 
x G ker(A[5i]) be nonzero. Let w G S\ with x w ^ 0. Let Q — S\ \ {w}. Then A[Q] 
is nonsingular, because if A[Q] were singular another (independent) vector could be 
constructed in ker(A[S'i]). We may write 



A 



A[Q] 
A[w, Q] 
A[v,Q] 




A[QM 

®"W,W 





A[Q,v 






A[v,S 2 ] 
A[S 2 ,v] A[S 2 ] 



Let 



-A[Q]- l A[Q, {w,v}] 6 
h 
I 
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Here I 2 denotes the 2x2 identity matrix. By Sylvester's law of Inertia 



P T AP 



where 



b-w,w bw,v 



A[Q] 

b v , w b v ,v A[v,S 2 ] 
A[S 2 ,v] A[S 2 ] 



A[{v, w}] - A[{v, w}, Q:\AIQ}- 1 A[Q, {v, w}}, 



has the same inertia as A. Let 

B := 



A[{v, w}} - A[{v, w}, Q]A[Q]- 1 A[Q, {v, w}} A[{v, w}, S 2 ] 
A[S 2 ,{v,w}} A[S 2 ] 



The matrix B satisfies pin(_B) + pin(A[Q]) = pin(^4). Since A[Si] is singular, we 
know that b w>w — a w>w — A[w, Q]A{Q]~ 1 A{Q, w] = 0. Suppose b v<w = a v 
A[v, Q]A[Q] ll A[Q,w] = 0. Then the vector 



-AIQ^AIQM 
1 



belongs to ker(A[Vi, 5*1]), contradicting the assumption. Therefore b vw 7^ 0, that is, 
Be5(i/ 2 ,S 2 ). 

Suppose for a contradiction that B does not have the SAP. Then there is a nonzero 
symmetric matrix X = [xi j] such that Xi.j = if i = j or ij g E, and BX = 0. Let 



Z 



and 






z T 






X[Si, {v,w}] 



Z 

X[{v,w},S] 
X[Si] 



Then Y is nonzero, yi.j = if i = j or ij £ E, and AY — 0. Hence A would not have 
the SAP if B did not. Hence pin(A) e 1 S (H 2 , S 2 ) + N ni _ 2 . □ 

Corollary 42. Let G be a connected graph and suppose G is the 1-sum of G\ and G 2 
at v, both containing at least one edge. Let n\ and n 2 be the number of vertices of G\ 
and G 2 , respectively. For i = 1,2, let Hi be the graph obtained from K 2 and Gi by 
identifying a vertex of K 2 with v. Then X s (G) = [X s (Hi 



-Nl 2 _ 2 Ul s (H 2 )+Nt 



We now show how the stable inertia set of a signed graph (G, S) can be determined 
from stable inertia set of the thin out of each 2-connected block in (G, S). We do this 
by induction on the number of vertices in G. Suppose (G, S) is not the thin out of a 
2-connected block. If (G, S) is a disjoint union of (Gi, Si) and (G 2 , £2), then we 
apply Theorem 37 on (Gi, Si) and (G 2 , S). We may therefore assume that (G, S) is 
connected. If (G, S) has a 2-connected block, then we apply Theorem 41 If (G, S) 
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has no 2-connected block, then each block is either a single edge or a class of parallel 
edges. We may assume that if a block has parallel edges, then the block is equal to 
K^. If (G, £) is a 1-sum of (G u E n E(Gi)) and (G 2 ,Sn £(G 2 )) with both Gi and 
G2 containing at least two edges, then we apply Theorem[4T] Hence, we may assume 
that if (G, E) is a 1-sum of (G u E n and (G 2 , E n E{G 2 )), then G x or G 2 

contains at most one edge. 

Suppose now that (G, E) has a block that is equal to K% . Then the number, n, 
of vertices of G is at most four and I a {Kf) + N 2 n _ 2 = N? _ 2 ?l] C X S (G, E). If 
(p,g) G 1 S (G, E) and (p, g) £ Nf n _ 2 , n ]> then £(G,E) > 3. Hence there exists 
a matrix A G S(G, E) with nullity A > 3. Let u, u be the vertices of K 2 . Since 
nullity A > 3, there exists a nonzero vector x with x u — x v — 0. However, this forces 
x w = for any other vertex w of (G, E). This contradiction shows that N^ n _ 2 , = 
I S (G,E). 

Suppose finally that (G, E) has no blocks that are equal to K%. Then (G, E) is 



sign-equivalent to (T, 0), where T is a tree. We then use Proposition 27 



7 Some characterizations 

A signed graph has no if^-minor if and only if it has no odd cycles, that is, if it is 
bipartite. Since v(K%) — 2, each signed graph (G, E) with v(G, E) < 1 has no K%- 
minor, that is, is bipartite. In fact, K% is the only obstruction to having v(G, E) < 1, 

Theorem 43. A signed graph (G, E) has v{G, E) < 1 if and only if(G, E) is bipartite. 

Proof. If v(G, E) < 1, then (G, E) has no i^-minor, that is, (G, E) has no odd cycle. 
Hence (G, E) is bipartite. 

For the converse, suppose (G, E) is bipartite and v{G, E) > 2. Then, by Corol- 



lary 39 there exists a component (H, Ei) of (G, E) with u(H, Ei) > 2. Hence there 
exists a positive semidefinite matrix A £ S(H, Ei) with nullity (A) > 2. This contra- 
dicts Lemma |5] □ 



From Theorem 43 we obtain the following corollary. 



Corollary 44. [6] A graph G has v{G) < 1 if and only ifG is a forest. 

Proof. If G is a forest, then for every subset E C E(G), (G, E) is bipartite. Hence 
u(G, E) < 1 for every subset E C E{G). Since v{G) = max{^(G, E) | E C E(G)}, 
we obtain that v(G) < 1. 

For the converse, suppose v(G) < 1 and G has a cycle G. Let e be an edge of 
G. Then v{G, {e}) < v(G) < 1. Since (G, {e}) has an odd cycle, we obtain a 
contradiction. □ 

Theorem 45. A signed graph (G, E) has M + (G, E) < 1 if and only if (G, E) is 
connected bipartite. 

Proof. If (G, E) has M+(G, £) < 1, then (G, E) is connected. Furthermore, since 
v(G, E) < M+(G, E) < 1, (G, E) is bipartite. 
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Conversely, if (G, E) is connected bipartite, then, by Lemma [5] each matrix A 6 
S(G, E) has nullity (A) < 1. □ 

From Theorem[45] we obtain the following corollary. 

Corollary 46. A graph G has M + (G) < 1 if and only ifG is a tree. 

We now characterize the signed graphs (G, E) for which £(G, E) < 1. 

Theorem 47. A signed graph (G, E) /ias £(G, E) < 1 if and only if (G, E) w sign- 
equivalent to the signed graph (H, 0), where H is a graph whose underlying simple 
graph is a disjoint union of paths. 

Proof. If £(G, E) < 1, then (G, E) has no iCf -minor, that is, (G, E) has no odd cycle. 
Hence (G, E) is bipartite. Furthermore, (G, E) has no K i 3 -minor, that is, G has no 
vertices with more than three neighbors. Thus G is up to parallel edges a disjoint union 
of paths. 

For the converse, suppose G is a disjoint union of paths and £(G, E) > 2. Then, by 
Corollary |40) there exists a component {H, E x ) of (G, E) with Ei) > 2. Since 
M(H) > i(H, Ex), we obtain that M(H) > 2. Since M(P) < 1 for any path P, we 
obtain a contradiction. □ 

Theorem 48. A signed graph (G, E) has M(G, E) < 1 if and only if (G, E) is sign- 
equivalent to a signed graph (H, 0), where H is a graph whose underlying simple 
graph is a path. 

Proof. If (G, E) has M (G, E) < 1, then (G, E) is connected. Furthermore, (G, E) 
has no if^-minor and no K\, 3-minor, as M(G, E) > £(G, E) > ^{K^) — 2 and 
M (G, E) > £(#1,3) = 2. Hence (G, E) is sign-equivalent to the signed graph (H, 0), 
where H is a graph whose underlying simple graph is a path. 

For the converse, suppose (G, E) is signed-equivalent to a signed graph (H, 0), 
where iJ is a graph whose underlying simple graph is a path. Since M(H) < 1, we 
obtain that M(H, 0) < 1. Hence M(G, E) < 1. □ 
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